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Stability Analysis of Stitched Composite Plate System
with Delamination Under Hygrothermal Pressure
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A stitched composite structure made of fiber-reinforced polymers is analyzed. This composite structure is mod-
eled by two specially orthotropic adhesively bonded, delaminated and stitched plates under in-plane compressive
and shear loads and internal hygrothermal pressure acting on delamination surfaces of the two plates, which are
considered as identical, and simply supported. Whereas the adhesive layer between plate layers is modeled by
mechanical linear normal and shear springs, stitches are modeled by discrete bilinear normal springs for the first
time in the literature. In the stitches modeling, it is assumed that they can carry only normal loads because they are
very thin and also initial imperfections are included with the parameter of looseness because the stitching yarns
are slack initially. The mathematical model of the problem is solved by Rayleigh–Ritz method. After the strain
energies of plates, the adhesive layer and the stitches and energy potentials for external loads such as compres-
sive normal loads, shear loads, and internal hygrothermal pressure are expressed, sine series as shape functions
for plate vertical deflections satisfying simply supported boundary conditions are applied. Then, minimizing the
total energy gives deflections for the given loading. The stability condition is obtained as an eigenvalue problem
to give critical buckling loads and corresponding mode shapes as well. Results are presented as plots of deformed
shapes of the system and tables of parametric studies showing effects of changing parameters on stitch stresses
and displacements, critical buckling loads, and corresponding mode shapes.

Nomenclature
a = length of plate layers
b = width of plate layers
Ci = weighting coefficients of vertical deflections’

approximation functions, i = 1, 2
Di j = bending stiffnesses of plate layers, i, j = 1, 2, 6
Ea = Young modulus of the adhesive layer
E st = Young modulus of stitch wires
Ga = shear modulus of the adhesive layer
h = thickness of plate layers
ha = thickness of the adhesive layer
m0 = number of sine terms in x direction in the double

Fourier sine series
N0x = external compressive normal loads in x direction
N0xy = external shear load
N0y = external compressive normal loads in y direction
nd = number of delamination holes in the adhesive layer
ns = number of stitches
n0 = number of sine terms in y direction in the double

Fourier sine series
p0 = internal hygrothermal pressure in delaminations
wi = vertical deflections of plate layers, i = 1, 2
δ0 = looseness parameter of initially slack stitch wires
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I. Introduction

F IBER-REINFORCED polymers (FRP) have been very pop-
ular composite materials in the aerospace industry for about

40 years. Their most important properties are having high strength-
to-weight ratio, adjustable thermomechanical properties, and fatigue
resistance. Depending on the application, FRP may carry impact
loading, axial compressive loading, shear loading, and hygrother-
mal loading, which may cause delamination in between laminates
by debonding them. Existence of internal pressure in delamination
created by hygrothermal effects will cause this failure to propagate
rapidly to reduce the effective moment of inertia of the FRP struc-
ture. Besides, if the size and/or location of delamination becomes
critical, then the debonded layers can even buckle.1 In other words,
delamination changes the stability characteristics of the structure.
Therefore, it must be prevented, or at least its propagation must be
stopped if there is one.

Researchers believe that stitching is the most effective solution
to this failure.2 By stitching, you put fibers through the thickness of
the laminated composite material to increase through-the-thickness
shear strength.3 Kevlar® and shape memory alloys have been used
for stitching.4 However, stitching may reduce the structure’s me-
chanical performance as stitches get closer together. Therefore, to
determine an optimum stitching technique is very crucial. A very
recent work of the present authors is the first stability analysis con-
sidering both delamination and stitching effects in a FRP-based
composite structure under only compressive normal loads and hy-
grothermal pressure (HTP) by assuming perfect stitching.5

In this paper, this composite structure is modeled by two specially
orthotropic adhesively bonded, delaminated and stitched plates with
simply supported boundary conditions (SSBCs) under in-plane
compressive and shear loads (defined per unit length) and HTP
(defined per unit area) acting on delamination surfaces of plates
(Fig. 1). The adhesive interlaminar layer is modeled by continuous
mechanical normal and shear springs because they can carry both
normal and shear loads.5−7 However, the stitch wires can carry only
normal loads and may be loose because of initial imperfections in
stitching. Therefore, they are modeled by discrete bilinear normal
springs for the first time in the literature. (In the present paper, the
term bilinear means piecewise linear in two regions.) Furthermore,
this analysis can handle any combination of circular, elliptical, and
rectangular delaminations.
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Fig. 1 General system configuration.

To solve the problem for both deformed shapes and critical buck-
ling loads, the Rayleigh–Ritz method which is very useful for plate
problems is applied. First, strain energies of plates, the adhesive
layer and stitches, and energy potentials for external loads such
as compressive normal loads, shear loads, and HTP are expressed.
Then, sine series, which are taken as shape functions for plate ver-
tical deflections satisfying SSBCs are applied to all energy expres-
sions. After minimization of total potential energy, an algebraic
equation system is obtained for vertical deflections for the given
loading, including axial compressive loads, shear loads, and inter-
nal HTP. This equation system also gives the stability condition for
the system as an eigenvalue problem to give critical buckling load
configurations of external normal and shear loads and corresponding
mode shapes.

Results are presented as deformed shapes of the system and para-
metric studies to show effects of changing parameters on critical
buckling loads and corresponding buckling modes.

II. Solution Procedure
The Rayleigh–Ritz method is applied to solve the problem be-

cause it is very useful for plates with SSBCs (see Refs. 8 and
9). The thin-plate theory with large deflections is used. [Plates
are assumed thin as long as side-to-thickness ratio (a/h) is big-
ger than 20 (Ref. 9).] In the stability analysis, membrane stresses
are generally taken constant and equal to corresponding external
compressive stresses.5−10 In the application of the method, first, po-
tential energy expressions for each component of the system are
written. Then, the total potential energy of the system is mini-
mized with respect to each unknown weighting coefficient of ap-
proximation functions of vertical deflections (which are sine series
to satisfy SSBCs automatically) to obtain the algebraic equation
system.

A. Potential Energy Expressions of System Components
Total potential energy of the plate layers, the external compressive

normal and shear loads, and the interlaminar adhesive layer (Fig. 1)
is given by5−10
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Fig. 2 Center locations of delaminations (xm, ym) and stitches (xj, yj).

Total potential energy of delaminated parts (Fig. 2) with HTP of
the adhesive layer is

Ud =
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where a0 and b0 are characteristic dimensions of delamination
shapes and

hm =
{

(b0m/a0m)

√
a2

0m

/
4 − (x − xm)2, if it is an ellipse

b0m/2, if it is a rectangle

kn = Ea/ha, ks = Ga/ha (3)

It is obvious that for circular delaminations a0 = b0.
Total potential energy of stitches including looseness parameters

as initial imperfections becomes

Ust = 1

2

ns∑
j = 1

kst
j (w1 j − w2 j − δ0 j )

2 (4)

where the equivalent bilinear normal spring constants of stitch wires
are

kst
j =

{
E st Ast/(2h + ha + δ0 j ), if w1 j − w2 j > δ0 j

0, if w1 j − w2 j ≤ δ0 j (5)

B. Minimization of Total Potential Energy of the Whole System
The total potential energy of the whole system, then, can be ex-

pressed as follows:

� = U0 − Ud + Ust (6)

As vertical deflection approximation functions satisfying SSBCs, a
double Fourier sine series is chosen in the following form:
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After substitution of Eq. (7) into Eq. (6), the minimization of total
potential requires

∂�
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= 0,
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(K = 1, 2, . . . , m0), (L = 1, 2, . . . , n0) (8)
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This gives the following algebraic equation system for the unknown
weighting coefficients of vertical deflection approximation func-
tions in Eq. (7):[
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Substitution of this into Eq. (7) gives the deformed shape of the
sytem under given loading configuration. If the square matrix in-
cluding [A0], [A1], and [A2] matrices is singular, then the system is
unstable and critical buckling load configurations are obtained from
the following eigenvalue problem (EVP) to be solved for any λ and
η combinations as eigenvalues and corresponding buckling mode
shapes: ∣∣∣∣[A1] [A0]
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∣∣∣∣ = 0 (10)

where

A1I J = (
B(1)

J − λJ + kn
0 + ks

0J

)
δI J − ηI J − I n

I J + Sn
I J − I s

I J

A0I J = (−kn
0 + ks

0J

)
δI J + I n

I J − Sn
I J − I s

I J

A2I J = (
B(2)

J − λJ + kn
0 + ks

0J

)
δI J − ηI J − I n

I J + Sn
I J − I s

I J

W 1I 1 = C1I , W 2I 1 = C2I , PI 1 = I p
I + Sδ

I

I = (K − 1)n0 + L, J = (M − 1)n0 + N

δI J =
{

1, if I = J

0, if I �= J (11)

for Kronecker delta δ. Other parameters in these matrices are
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III. Results and Discussion
Results are obtained for the following nominal values unless

otherwise posted. The plate properties (graphite polyimide) are
a = b = 200 mm, h = 4 mm, E = 68.95 GPa, and G = 25.92 GPa.
The adhesive properties (polyimide) are Ea = 2 GPa, Ga = 0.7 GPa,
and ha = 2 mm. The HTP in delaminations is p0 = 6 MPa. The
stitch properties (Kevlar-49) are E st = 130 GPa, dst = 0.357 mm
(diameter), lst = 4 + 4 + 2 = 10 mm (characteristic length), ten-
sile strength 3.6 GPa, and corresponding maximum allowable
displacement = 0.2769 mm.

First, two examples of the biaxial loading are presented to show
how locations of stitch wires and delaminations affect the whole
system (Figs. 3a and 4a). In the first one, the configuration has
five circular delaminations with nine stitches. The second one has
two elliptical delaminations with six stitches. Then, stability of the
system under the shear loading is analyzed with the verification of
the method for isotropic and specially orthotropic plates.

A. Biaxial Compressive Normal Loading
1. Five Circular Delaminations with Nine Stitch Wires

In this configuration (Fig. 3a), one circular delamination is located
at center (a/2, a/2) and four delaminations are located at midcorner
points (a/4, a/4), (a/4, 3a/4), (3a/4, a/4), and (3a/4, 3a/4) with
r = a/8. One center stitch is located at (a/2, a/2); four corner
stitches are located at (a/4, a/4), (a/4, 3a/4), (3a/4, a/4), and
(3a/4, 3a/4); and four midside stitches are located at (a/4, a/2),
(a/2, a/4), (a/2, 3a/4), and (3a/4, a/2).

a)

b)

Fig. 3 Sample problem 1: a) configuration for five circular delamina-
tions with nine stitches and b) deformed shape (upper plate).
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a)

b)

c)

d)

e)

f)

g)

h)

Fig. 4 Sample problem 2: a) configuration for two elliptic delaminations with six stitches (four at sides and two at centers) and deformed shapes (upper
plate) for b) no stitch; c) six stitches, dst = 0.357 mm; d) six stitches, dst = 1 mm; e) four stitches at sides, dst = 0.357 mm; f) four stitches at sides, dst = 1 mm;
g) two stitches at centers, dst = 0.357 mm; and h) two stitches at centers, dst = 1 mm.
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Table 1 Stitch stresses and stretching displacements, p0 = 6 MPa

Center Corner Midside

N0, MPa Stress, GPa Displacement, mm Stress, GPa Displacement, mm Stress, GPa Displacement, mm

0 1.6082 0.1237 1.9058 0.1466 −0.0961 −0.0074
0 (no stitch) —— 0.1269 —— 0.1512 —— −0.0076
5 2.0314 0.1563 2.5854 0.1989 −0.1102 −0.0085
5 (dst = 1 mm) 1.6661 0.1282 2.0134 0.1549 −0.0934 −0.0072
5 (no stitch) —— 0.1614 —— 0.2075 —— −0.0087

a) Mode 1, N0cr = 1.39 MPa

b) Mode 2, N0cr = 1.81 MPa

c) Mode 3, N0cr = 2.26 MPa

d) Mode 4, N0cr = 2.41 MPa

e) Mode 5, N0cr = 2.49 MPa

f) Mode 6, N0cr = 2.65 MPa

g) Mode 7, N0cr = 2.77 MPa

h) Mode 8, N0cr = 2.80 MPa

Fig. 5 Buckling mode shapes and corresponding critical buckling loads for configuration of two elliptic delaminations with two center stitches.
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The deformed configuration (Fig. 3b) is obtained for N0x =
N0y = N0 = 5 MPa. Displacements and stresses of stitch wires are
tabulated in Table 1. The last row is obtained for much stiffer stitch
wires (dst = 1 mm). Because the adhesive is strong, midside stitches
are not necessary. Stitches should be placed at possible damage
zones to prevent damages from starting or growing. Instead of in-
creasing the number of stitches, the stiffness of stitch should be
increased to reduce the damage caused by the stitching process.

2. Two Elliptic Delaminations with Six Stitch Wires
In this example (Fig. 4a), dimensions of elliptic delaminations

are (a0)1,2 = 3a/4 and (b0)1,2 = a/10 and their centers, (a/2, a/3)
and (a/2, 2a/3); stitch locations, two at centers and four at sides
(a/4, a/3), (a/4, 2a/3), (3a/4, a/3), and (3a/4, 2a/3). Results are
shown in Table 2.

The deformed configurations are plotted in Figs. 4b–4h for dif-
ferent stitch patterns such as six stitches, four stitches at sides and
two stitches at centers (N0x = N0y = N0 = 2 MPa and dst = 1 mm).
First eight buckling modes are presented for the two center stitch
case and corresponding critical buckling loads (N0cr) are between
1.39 and 2.80 MPa (Fig. 5), which are very close to each other.
Stresses and displacements of each stitch wire are tabulated in Ta-
ble 2 and 3, respectively. The last three rows are obtained for much
stiffer stitch wires, dst = 1 mm. In the last two rows of Table 2
and 3, because the stitches are slack initially (δ0 = 0.1 and 1 mm),
stitch stresses and stretching displacements go down to zero. Stiffer
stitches reduces the displacements drastically. If they are at the
right places (here, at centers), two stitches does the job of six
stitches.

B. Shear Loading
The effciency of the method in the shear buckling case is shown

with weak connection, Ea = 1.0 Pa and Ga = 1.0 Pa, to give one
plate solutions in terms of shear buckling coefficients given by

k0 = b2(N0xy)cr

/
π 2 D, γ0 = a2(N0xy cr)

/
π2 D22 (13)

for isotropic and specially orthotropic plates, respectively. In
Table 4, one can easily see that the aspect ratio plays a big role
on the accuracy of the method with the same number of terms. That
is why the number of terms must be balanced in both directions for
higher aspect ratios.

The method works well for specially orthotropic plates as well.
Shear buckling coefficients for this case are presented in Table 5 with

Table 2 Stitch stresses, p0 = 6 MPa

Center, GPa Sides, GPa

N0, MPa Six stitches Two stitches Six stitches Four stitches

0 3.2157 3.2065 2.3983 2.3921
1 3.4488 3.4362 2.5346 2.5260
2 3.7206a 3.7034a 2.6874 2.6753
2 (dst = 1 mm) 2.6550 2.5826 2.0552 2.0042
2 (δ0 = 0.1 mm) 1.3501 1.2788 0.7532 1.0090
2 (δ0 = 1 mm) 0.0 0.0 0.0 0.0

aStitch failure.

Table 3 Stitch stretching displacements, p0 = 6 MPa

Center, mm Sides, mm

N0, MPa Six stitches Two stitches No stitches Six stitches Four stitches No stitches

0 0.2474 0.2467 0.2603 0.1845 0.1840 0.1921
1 0.2653 0.2643 0.2804 0.1950 0.1943 0.2035
2 0.2862a 0.2849a 0.3042 0.2067 0.2058 0.2164
2 (dst = 1 mm) 0.2042 0.1987 0.3042 0.1581 0.1542 0.2164
2 (δ0 = 0.1 mm) 0.1049 0.0993 0.3042 0.0585 0.0784 0.2164
2 (δ0 = 1 mm) 0.0 0.0 0.3042 0.0 0.0 0.2164

aStitch failure.

different number of terms. Five terms in each direction seem suf-
ficient to obtain reasonable results. To show how the delamination
size effects the critical shear buckling load, one center delamination
with different radii is considered and related results are presented
in Table 6. Two shear buckling modes are presented in Fig. 6
(rd/a = 3/8). Calculated shear buckling coefficients do not seem
affected very much by the delamination size in the nominal adhe-
sive layer and with the existence of the adhesive layer.

a)

b)

Fig. 6 Shear buckling mode shapes of a) mode 1 and b) mode 2.

Table 4 Shear buckling coefficients k0 of isotropic
rectangular plates for different aspect ratios

k0

a/b Present Bulson10

1 9.3426 9.3400
2 6.5607 6.3400
3 5.8627 5.7844
4 5.6647 5.5900
5 5.7118 5.5000

Table 5 Shear buckling coefficients γ0 of specially
orthotropic square plates for different number of terms

γ0

m0 = n0 Present Whitney8

2 392.86 392.9
3 313.68 313.7
4 310.19 310.2
5 308.99 309.0
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Table 6 Shear buckling coefficients of isotropic and
specially orthotropic square plates for different radii

of one center delamination, rd

rd/a k0 γ0

1/8 10.1333 316.34
1/4 9.9666 314.26
3/8 9.6972 311.50
1/2 9.4557 309.66

IV. Conclusions
The presented method determines the deformations and stabil-

ity characteristics of the orthotropic stitched plate system with de-
laminations under axial compressive normal and shear loads and
internal HTPs. This model is the first for such a complicated FRP
stitched composite structure with delaminations under various com-
bined loading configurations. The system currently has two plate
layers but will be extended to several layers to form multi-layered
plate model.

Compared to recent finite element methods, this method can give
deformed configurations to obtain the system’s behavior for given
loading configuration in much shorter time. The presented model is
also capable of determining the optimum locations for stitches, de-
pending on delamination sizes and locations, to have a safer system
against buckling.

The cohesive zone between laminates has been analyzed with fi-
nite element methods with huge calculation times recently. In this
study, the zone is handled with a continuous mechanical spring
model of the interlaminar adhesive layer, which presents the co-
hesive zone because springs can be broken if stresses exceed the
limits. To be more realistic model, stitches are taken as discrete bi-
linear normal springs by considering initial imperfections. (Stitches
are initially slack.) The stitch failure criterion is modeled as ex-
ceedance of the strain limit and will be modeled with Weibull
distribution.

Various shapes of delaminations can be introduced to the sys-
tem. In particular, elliptic shapes are more realistic and can be
used to investigate cracks in the adhesive layer. Small rectangu-
lar shapes can be used for a time-dependent failure analysis of the
system.

Consequently, it is shown that the presented model is very useful
to determine the stability and design characteristics of a very com-
plicated advanced FRP composite structure because one can predict
how the system under consideration will function without spending
too much time for calculations with finite element solvers and too
much money to build prototypes of expensive FRP composites.
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